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1. The Non-Relativistic Equations of the Particle of Spin Maximum 1 and
Charge q in an Electromagnetic Field

In a previous paper (Pereira, 1972) we introduced the equations describing
the particle of charge ¢ and spin maximum 1 moving in an electromagnetic
field given by the potentials A and V, namely

3
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in which ¢ is a column matrix with sixteen elements i,

l/’11 ‘/’12 i/’13 '7[’14 l1/121 ‘/’22 lZ’23’ e ‘/‘42 ¢43 1/144,

whereas ¢,, and 7, denote the operators

€op =(E—qV)op=—11 8, — qV, n0p=(p——%A) =ihV—%A
op

(1.2)
As to the a,, b, they are the 16 x 16 matrices
a,=oa,xI, b,=Ixa, (1.3)

built with the 4 x 4 identity matrix / and the Dirac matrices «,, whose
values we shall henceforth fix as follows

0 0 0 -1 00 0 i
10 0 -1 o | 00 =0
“Tlo 1 0 o 2710 i 00
-1 0 0 0 i 0 00
00 -1 0 10 0 0
00 01 01 0 0
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The system (1.1) can, however, be put in the equivalent form (see Pereira,
1971)

(; — My C) x1+3(0x2—0,x3)=0 (1.5a)
(mz—matf)x‘;—%“%(f’x x2+0:x5) =0 (1.5b)
mocx2+ 30 x1 +0,x)=0 (1.5¢)

mocxs + 30,31+ 0,x)=0 {1.5d)

which proves to be more adequate than (1.1) in order to calculate its non-
relativistic approximation, and where ¥y, x2, X3, x4 are the column matrices

12 3 P31 P33
P12 P1a P32 Y34
_ Y2 = |l — |72y, = 1.6
S VA 1 R N T
2% a ez Pas
8, and 8, denoting the 4 x 4 matrices
Tz 0 Ty — iﬂy 0
g — 0 Ty 0 Ty — I7y
Vg iy 0 —T, 0
0 Ty + iy 0 —,
Ty Ty — 11Ty 0 0
7y + i, —TTy 0 0
b2= 0 0 7, 7w, — b, (1.7)
0 0 wy+ i, -y,
From (1.5c) and (1.5d) one gets
x2=Qmoc) ' (021 — 01 x4) (1.8)
X3 = Qmoc) (01 x1 — 02x4) .
so that (1.52) and (1.5b) become
[ moc = mo0r 10+ 0. [y = ~Camoc) @102 + 0200,
(1.9a)

E +mg ¢+ (dmge) (0, + 822)]){4 =(4myc)™1(6,0,+ 0,0,) x;
(1.9b)
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Equation (1.9b) now provides the expression of y, as a function of y,, and
by introducing it in (1.9a) we then obtain the equivalent form of (1.5a)-
(1.5d),

0,24+6% 6,0,+86,0
_ 2 Y1 2 1Y2 2V1
{6 o€ 4my * 16my%c
6,2+ 6,2T!
><E+moc+ 14m0c2] (0102+020,)}X1=0 (1.10a)
. € 012+622 _101 02+0291
X4-'[E+moc+ e ] e X (1.10b)
X2 = (2mg &) (=0 x4 + 02 x1) (1.10c)
x3=(2my )" (—b2 x4 + 01 x1) (1.10d)

whose non-relativistic approximation we shall now calculate.

As it will be discussed in another paper (Pereira, 1971), the non-relativistic
theories can be obtained from the corresponding relativistic theories by
carrying on a ‘B-approximation’, which means that in the developments in
series of B" (B = v/c) one must retain only the terms up to the order of 8! and
neglect the others. According to this, the S-approximation of the operator
(¢/c) — mqyc then becomes¥

€ 1 €
LA ~ _(F — —
ez (B~ V)=,

whereas for

¢ 0,2 + 6,211
[E"i‘moC"l“W
we get
€ 0,2+ 027" _1[ E,—qV 0,*+6;?
[E+m°c+ dmgye = @moc)™|1 2mgc* 8mg2c? ]

Let us return to (1.7) and, by making use of the Pauli matrices,

01 0 —i 1 0
a',='1 0l’ Uz—‘i 0!’ G3=‘O -1 (L.11)
write
0, =(rm.0) x I, 0, =Ix (1.0) (1.12)

The operator 6,2 + 6,2 then takes the form
6,2 4+ 6,2 =[(m.6)? x I1+ [I x (m.0)?]

=[(n2 +%?&.H) x 1]+ [Ix (nz—l—h—jc.H)] (1.13)

+ From now on, we shall often make use of the subscripts r or  in order to denote that
a given physical magnitude is taken either relativistically or non-relativistically.
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where H == rot A is the magnetic field. It follows from the preceding that the
term 8,2 -+ 6%/(8my? c?) is of the order of 82, and must therefore be neglected.

‘ 62+ 077" 1
[E+m°c+ 4mgc ] = dmgc (1.14)
Furthermore, 0, 8, + 6,0,/(8m,y?c?) can be written
6,60,+46,6
—lf%—rc%i = (8mgy? c?)~H{[(.0) X (1.6)] + [(7.6) X (7.06)]}

cser [o-28) o024

which means that it is of the order of 82, or, more precisely, that equation
(1.10b) expresses the fact that x4 is of the order of 52 with regard to y;.
Thence

so that one is led to the simplified form of equations (1.10c) and (1.10d),
X2 ; (zmoc)—l Hle, X3 jand (2moc)“1 01 Xl (1.16)

According to the preceding results, we finally get the non-relativistic
approximation of (1.10a)—(1.10d),

2
{e—z"—%—zzqoc[(“”);’ax“)].H}wm:o (L.17)
0,
X2 =2mocX1
X3 —zmocm
xa=0

that is, by making use of the explicit form of the operators ¢, =, 6;, 8, as
defined in (1.2) and (1.12),

¢ll
. 1 (oo ¢,V fg (exD)+({xo0) ]5[;12 _
[zh8t+qV+2Tn;(1hV A) +2moc 5 .H b =0
has
(1.182)
s ihd,—14,
Y14 =Qmye) | Ix ¢ g
523 (0, + i)~ L(4, + id,)
24
. . __g . ‘/‘11
(2 —13) =24, — i) | | "
—ifia, +24, b
¢ P2z

(1.18b)
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i“ ihio,~14,
32 =Q2mye)t ¢
2 q
41 (0, +19,)— (A, +i4,)
3[’42 c
(0, — 12— L (4, — id, h
€ %I P12
—ito,+24, Yo
¢ 2%
(1.18¢)
Pz =1sa =y =14 =0 (1.18d)

Let us now recall to mind the formal procedure which, starting from the
generalised Dirac equations, leads to the generalised equations of the
particle of spin maximum 1 (Pereira, 1971a). [This procedure is just a
particular application of the so-called ‘method of the fusion’ (see de Broglie,
1954)]. It can actually be said that in order to obtain the later equations,
one must but replace the matrices M = ay, oy, a3, &4, I appearing in the
equation of Dirac by the matrices

(M x DI % ag) + (I x M)(og x I)
2

and at the same time substitute the wave function with four components by
a wave function with 4 x 4 = 16 components. Now, it follows from (1.18a)
that the same formal procedure is still valid at the non-relativistic level, for
if one substitutes in the equation of Pauli

2 k
| (89 ~2A) 4 o p[]
[lk8t+qV+(2mo) (’W cA) +2mnc"'H][z/fz]“0

the matrices
M=Gl,ﬂ'2,03,IE T4 (1.19)

by
(M x DI % 0) + (I x M)(os x I
2

(1.20)

and let a wave function with 2 x 2=4 components take the place of
the wave function with two components, equation (1.18a) is then
obtained.

We may accordingly assert that the method of the fusion still remains
true within the frame of non-relativistic wave mechanics, since it provides
the equations describing the fusion of two corpuscles of Pauli, i.e., the
non-relativistic equations of evolution (1.18a) of the particle with spin
maximum 1 and charge g.
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2. The Non-Relativistic Formalism
It can easily be verified that equations (1.18a)-(1.18c) bring about an
equation of continuity, that is, a relation of the form
O, p+divi=0 Q2.1
where p and j are given by
Pa=x1*X1 2.2)

2mg ch*XIA 2.3)

These expressions which we shall assume as providing the probability
density and the probability flow vector, can be deduced as well by perform-
ing the non-relativistic approximation directly upon the relativistic defini-
tions of p and j arising from (1.1) (see Pereira, 1972)

pr = hay 29

. ih
=5 G* Vi — V) —

(/‘* a4b+ab4‘/] (2.5)

For us to make sure, let us start with p, and, by making use of (1.3), (1.4)
and (1.15), write

pr =411y + Pl thin + P3r o+ $3a s — PR3 hay — Pt
— i3 thas — Piathas
2ty ur i+ P Pt = xi* 0
so that we get the non-relativistic expression (2.2).

Let us now consider the vector §,.. For the sake of similarity, we shall only
calculate the non-relativistic approximation of its first component,

—— ¢*a4bl+a1b4¢

the reasoning being in all points identical for j,, and j;.. It then follows from
(1.3) and (1.4) that

%jn i (s + Pa) + Pia(his + ) + F31G00 + )

+ 35(tha3 + P32) + conj
0 1.0 07 fihy
1 0 00
['1!’11‘/’129,}21‘1}22] 000 1 22:
0 0 1 0f L
0 0 1 07 [y
6 0 0 1 )
+[¢f1‘zl’fz¢‘§kx‘/‘§z] 100 0 izj + conj
0 1.0 0] L
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that is, according to (1.6) and (1.11),

2, .
= x1*¥(I X a1) x2 + x1*(oy X I) x3 + conj

If we now replace y, and y; by their non-relativistic expressions (1.18b)
and (1.18c), we are led to the relations

dmoj,, = x1*( x o) x ®.0) x1 + x1¥(01 x I) (1.0 x [) ¥, + conj
that is, by means of (1.2) and (1.11),

4o jo, = 20000, 01 iy + P12 81 hys + P51 81 oy + 32 0 a5 — com)
4
- ?qAx(‘/f;kx Pr1 + Pty s + 51 oy + U35 120

— B{11[2 0511 + 10,1y + h21)]

+ 8y 0(—hyy + ba2) + W3y by + h22)

+ 3510 h 12 + Pa21) — 2055,] + conj}
This expression can still be written

, e ~ 4
dmy j,, = (2ifix,* V; x, + conj) __?qu x1*x1

— B * (I x (VA o);) + ((V A &)y x D)]x; -+ conj}
where V A o is the 3-component matrix operator
(V/\G)1=azo'3_a30'2, (VA0)2=6301—6103,
(VA@)y;=00,—0,0

We then arrive at the final form of the non-relativistic approximation of the
probability flow vector §,,

ifi
2my

) Ga* Vi — xi VXl*)——q“AX1*X1+“ (2.6)
myce

where

—h LAx(NVAa)+((VAg)xI)

2my, X1 2

As it arises from the comparison of (2.3) and (2.6), the non-relativistic
approximation of j. does not lead to the definition of j,, but rather differs
from it in a vector u given by (2.7). Yet the agreement of both expressions
can be reached if V.u = 0. As a matter of fact, one must realise that in wave
mechanics what is closely related to the equations of evolution is but the
equation of continuity (2.1), not the definitions of j and p, which involve
some arbitrariness. Let us suppose, for instance, that we take, instead of j,
the vector j + v with V.v = 0. It is then manifest that in both cases we are
led to the same equation of continuity (2.1), so that we may assert that a
vector v with null divergence must be taken as physically meaningless in
the definition of j. Now, this is what actually happens with j, 2 j, + u, for

X1 + conj 2.7
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it can easily be seen that V.u=0 (we shall omit this calculation for it
presents no difficulty). Moreover, one must emphasize the fact that the
same anomaly occurs when dealing with the probability flow vector of the
Dirac theory, jp = —Cz/J* of, whose non-relativistic approximation leads to

G*Vx —x1 Vi *x1+up

]D—Zm

which differs in a vector

—k )
= %XI*(V A 6) x;1 + conj

from the well-known expression given in the theory of Pauli (Pereira, 1971).
However, it can easily be verified that we have again V.u, = 0. Besides, the
comparing of u and u,, again confirms the procedure of the fusion we have
referred to, inasmuch as u can be formally obtained from u, by replacing
the matrices V A o by

Ix(VAe)+((VAo)xI)
2

while the 4-component wave function of Dirac takes the place of the
2-component wave function of Pauli.

In order to render more complete the study of the non-relativistic formal-
ism of the theory, let us next calculate the approximation of the relativistic
Lagrangian of the particle with spin maximum 1 and charge g moving in a
field given by the electromagnetic potentials A and ¥, which can be
written (Pereira, 1971)

g—j{)ﬂ ("—moc))ﬁ+%X1*(—92Xz—91X3)+X4 (—g-mw)m

+ 3x4%(01 X2+ O2x3) + mocx® x2 + 3x2* (=02 %1 + 01 x4)
+ moexs* x3 + 3x3 (01 x1 + 6, X4)} + conj

with Xu and 6, given by (1.6) and (1.12). Now at the non-relativistic
approximation we have

i"'—77’10(;"_;"&
c c
and
€, €
—T—mycx——=—2my¢
c c

so that & becomes

¢ €
& =3 X1*2X1 + I ¥ (02 x2 — 01 x3) + mo c(x2™ X2 + x3* x3)

—3002* Oax1 + x3™ 01 x0) + 3(02* 01 xa + x3™* O2x4)
- X4*§X4 —2mocxs® Xa +3xa* 01 x2+ 0, Xs)} + conj
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Since, as has been stated above, the transition to the non-relativistic
level is provided by means of a S-approximation, one must neglect in the
preceding expression the last four terms in the bracket, for they are of the
order of 8% with regard to y;. The Lagrangian then takes the form

my c?
% Oc* X2+ x3™ x3)

€
gggnz‘){l*ﬁ)ﬁ ~+

c 5 .
- g(XI* Oyx2 +x1% O xa + x2* 021 + x3* 0, x1) + conj

where e and 7 are the energy and momentum operators defined in (1.2).

Let us now make use of the method of the fusion in order to obiain the
non-relativistic Lagrangian of the particle with spin maximum 1 and charge
g, that is, let us perform upon the Lagrangian of Pauli the substitution
(1.19)and (1.20) described above, at the same time that a wave function with
2 x2=4 components takes the place of the wave function with two
components. We thus get

> ik . 1
Z,! =:2—n;gVXs*~Vx; Fr G %x —x 8™ +§;?:f;'
LJox D+ (Ixe) ihg
&
X 2 ¥ 2mge

2
X AL(Vx* oo — x*. Vy) + (qV+ 2;30 cZAz) X1 X

and one can easily make sure that the four Lagrange equations arising from
Z,! actually coincide with the equations of evolution (1.18a). Now in
spite of the fact that the expression of &£, quite differs from that of &},
it can be shown that the twelve Langrange equations deriving from .%, are
equivalent to those arising from %#,'. As a matter of fact, we get from %,

0.7, ific ific o7, ik
I R I TRt
2.7, if ific ikc
P = wi«a,;a ~qVy, — T{(IX c}.Vy, _7(0 x I).Vys
+IA X D)y + (@ x Dyl
o7, ikic A
= (% \ —
e B SO RS e vy
oz, the
P =gy, “?(IX 0). Vi +3A.(Ix 0)x,
0Z, _ihe 27,
Mxs™) 4 VR Ak
A

[ thc
ax3* :17’20(32)(3 mz—(c x I)‘VX, “f‘%&.(@ Y I)XI!
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so that the Lagrange equations take the form

— il —qVy +%A. [(I% 6)xs+ (6 x Dyl (2.82)

__in q
2= s 0% ) Vs 5 AT x D, (2.8b)
e e xD.Vy A xI 28
X3—2moc X 2m, 2 (e xDx (2.8¢)

We thus obtain equations (1.18b) and (1.18c) and by introducing (2.8b)
and (2.8¢c) in (2.8a) we are led to

l—Ixc('hV—gA Y e (v —9A) 1
4my \! c XU g T Y T o

=—iho,x1 —qVx1
that is,

1/, g \* JHg Uxo)+(ex1) ey
[E(IW_EA) i 2 'H]Xl——’hatxl—qu

which are precisely the equations (1.8a).
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