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1. The Non-Relativistic Equations of  the Particle of  Spin Maximum 1 and 
Charge q in an Electromagnetic FieM 

In a previous paper (Pereira, 1972) we introduced the equations describing 
the particle of charge q and spin maximum 1 moving in an electromagnetic 
field given by the potentials A and V, namely 

lea4 + b4 a4bk+akb4 moca4b4] 4 =  0 (1.1) c ~  +~Trk 2 k op 

in which 4 is a column matrix with sixteen elements 4ik, 

411 412 4134]/14 421 4224/523 . . . . .  442 443 444,  

whereas Cop and *top denote the operators 

qA qA % p = ( E - q V ) o , = - i h O t - q V ,  *top = ( p -  c ) o = i h V - c  

(1.2) 

0 0 0 -~0' i 0 0 
i 0 -1 0 - i  5~1 = --1 0 ~2 = i 0 

- -  0 0 - -  0 0 

0 0 - 1  i ,  ~0 0 0 0 
i 0 0 1 0 0 

~3 = -- 0 0 (Z4 = 0 --1 0 
1 0 0 0 --1 

(1.4) 
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As to the a m b m they are the 16 x 16 matrices 

a. = % x I, b. = I x % (1.3) 

built with the 4 x 4 identity matrix I and the Dirac matrices %, whose 
values we shall henceforth fix as follows 
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The system (1. I) can, however, be put in the equivalent form (see Pereira, 
1971) 

( ; -  moc) X 1 + �89  O, xs )=O (1.5a) 

(--;-moc)x4+�89 02X3) = 0  (l.5b) 

mocx2 + �89 + 01X4) = 0 (1.5c) 

mocxs + �89 -1- 02X4) = 0 (1.5d) 

which proves to be more adequate than (1.1) in order to calculate its non- 
relativistic approximation, and where Xt, X2, Xs, X4 are the column matrices 

~12 
X1 = @21 X2 = 

~22 

@13 @31 
~14 , ~32 
~'2s xs = ~'41 

~4 ~4~ 
01 and 02 denoting the 4 • 4 matrices 

01 

o ~ - ~  
0 ~ 0 

wx + izr~, 0 -~'~ 
0 zrx+i~y 0 

~c,~ ~c~ - i~y 0 
7r,: + izry -~r~ 0 

0 0 ~ 
0 0 ~,,+irc,, 

0 2 

From (1.5c) and (1.5d) one gets 

X2 = (2mo c)-1(02 Xl - 01 X4) 

Xs = (2too C)-l(01 Xl - 02 X4) 

so that (1.5a) and (1.5b) become 

~33 
~s4 

X4 = ~'43 

@44 

0 ' 
- - ~ z  

0 
0 

�9 l r  x m 

u'lT;g 

[~-moc-(4moC)-'(O, 2 + 022)] X, =-(4moc)-'(O, 02 + 020,3X4 

+ moe + (4moe)-I(Ol 2 + 022) X4 = (4moc)-1(0102 + 0201)Xl 

(1.6) 

(1.7) 

0.8) 

(1.9a) 

(1.9b) 
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Equation (1.9b) now provides the expression of  X4 as a function of XI, and 
by introducing it in (1.9a) we then obtain the equivalent form of (1.5a)- 
(l.5d), 

E C 2 012 "~ 022 O1 02 -}- 02 01 
mo 4mo + 16mo 2 c 

E 012~0~-'q- 022] - l j  01)}X 1 _  = 0 tc + moC + (01 02 + 02 (1 10a) x 

E 012 -~- 022] -1 01 02 "~- 0201 
X4= c + m o c +  4moc J 4moC Xl (1.10b) 

X2 = (2too c)-1(-01 X4 + 02 XI) (1.10c) 

X3 = (2moc)-l(-O2x4 + 0i Xl) (1.10d) 

whose non-relativistic approximation we shall now calculate. 
As it Will be discussed in another paper (Pereira, 1971), the non-relativistic 

theories can be obtained from the corresponding relativistic theories by 
carrying on a 'fl-approximation', which means that in the developments in 
series offl  n (fi = v/c) one must retain only the terms up to the order offl  I and 
neglect the others. According to this, the fl-approximafion of the operator 
(e/c) - m o  c then becomes~ 

~, I ( E  " E~ 
- - -mock= - q V ) -  , 
c c 

whereas for 

we get 

+moc+ ~ - ~  j =(2moC) -l 1 -  2m0c 2 8m02e2 + . . .  

Let us return to (1.7) and, by making use of  the Pauli matrices, 

i 0 : ; 0 / ~rl = 1 0 ' 0"2 = 0 ' 0"3 = --1 

write 
0, = (~. ~) x L 02 = I x (r~. a) (1.12) 

The operator 012 + 022 then takes the form 

012 + 022 = [Ox.o) 2 x 1] + [ I x  (n:.o) 2] 

t From now on, we shall often make use of the subscripts r or n in order to denote that 
a given physical magnitude is taken either relativistically or non-relativistically. 
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where H = rotA is the magnetic field. It follows from the preceding that the 
term 012 + 02/(8m02 r is of the order offl 2, and must therefore be neglected. 

[~ 012 + 022] -1 1 (1.14) 
+mocq ~ J ~=2moe 

Furthermore, 01 02 + 02 Ol/(Smo 2 e 2) can be written 

01 02 ~- 0201 -- (8m02 c2)-l{[(~.a) x (~.a)]  + [0x,a) x (~.~)]} 
8mo 2 e 2 

which means that it is of the order o f~  2, or, more precisely, that equation 
(1.10b) expresses the fact that X4 is of the order of/3 2 with regard to X1. 
Thence 

X4 ~ 0 (1.15) 

so that one is led to the simplified form of equations (1.10c) and (1.10d), 

X2 ~ (2mo c)-1 02 XI, X3 % (2mo c)-1 01 X1 (1.16) 

According to the preceding results, we finally get the non-relativistic 
approximation of (1.10a)-(1.10d), 

e 2mo 2moc[ 2 opXI= 
02 

Xz = 2-mooC X1 

Ol 
X3 = 2 ~ o  c XI 

X4 = 0 
that is, by making use of the explicit form of the operators E, rr, 01, 02 as 
defined in (1.2) and (1.12), 

F ,,l 
ihO'+qV+2momo thV-eA +2mo~ 2 

Lr 
(1.18a) 

4J23[ = (2moO)-' I x  
~24J [ ih(ax + iaY)-q(Ax + lay) 

ih(Ox-iO')-q(A"-iA') /r / 

k~22J 
(1.18b) 
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~b32/= (2m0 c)-Z 

g'~2J 

/ h a : - q A :  

ih(ax + ia.)  - q ( &  + iA~) 

ih(a. - i a,) - q (Ax - ~A,)- 

-iliOz + q Az 

~33 = t~34 = ~'i43 = ~44 = 0 

) /'b,d 
x 1 / ' b M  

L~2J 
(]Jsc) 

(t.lSd) 

Let us now recall to mind the formal procedure which, starting from the 
generalised Dirac equations, leads to the generalised equations of the 
particle of spin maximum I (Pereira, 197ta). [This procedure is just a 
particular application of the so-called 'method of the fusion' (see de Broglie, 
1954)]. It can actually be said that in order to obtain the later equations, 
one must but replace the matrices M = el, 52, 5 3, 0~4, I appearing in the 
equation of Dirac by the matrices 

( M  x I ) ( I  x 54) -Jr" (/" X M)(54  x / )  
2 

and at the same time substitute the wave function with four components by 
a wave function with 4 x 4 = !6 components. Now, it follows from (1.18a) 
that the same formal procedure is still valid at the non-relativistic level, for 
if one substitutes in the equation of Pauli 

[iliO'+qV+(2m~ z+ 2too hq t~c "It] [$b'] = ~  L~b2] 

the matrices 
M = 0"1,0"2, ~'3, I -  0"4 (1.19)  

by 
(M x 1) (I x G4) -]- (I x M) (0" 4 X l)  

(1.20) 

and let a wave function with 2 x 2 = 4 components take the place of 
the wave function with two components, equation (1.18a) is then 
obtained. 

We may accordingly assert that the method of the fusion still remains 
true within the frame of non-relativistic wave mechanics, since it provides 
the equations describing the fusion of two corpuscles of Pauli, i.e., the 
non-relativistic equations of evolution (1.18a) of the particle with spin 
maximum 1 and charge q. 
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2. The Non-Relativistic Formalism 
It can easily be verified that equations (t.18a)-(I.18c) bring about an 

equation of continuity, that is, a relation of the form 
O,p + divj = 0 (2.1) 

where p and j are given by 
P. = X]* Xl (2.2) 

�9 i h  , q , 

j . = ~ o ( X ,  VX,- X, VX,*)-2--~ocX, x,A (2.3) 

These expressions which we shall assume as providing the probability 
density and the probability flow vector, can be deduced as well by perform- 
ing the non-relativistic approximation directly upon the relativistic defini- 
tions ofp and j arising from (1.1) (see Pereira, 1972) 

&* a4 + b4 ds P , = ~  ~ r (2.4) 

aS+;b, Jr=-c4,* ~ 4, (2.5) 

For us to make sure, let us start with p~ and, by making use of (1.3), (1.4) 
and (1.15), write 

p, = 4,;~, 4,,, + 4,;~ 4,,~ + 4,~, 4,2, + ~ 2  ~2. - 4,,, 4,,, - 4,,, 4,,. 
-- 4,~3 4,43 -- 4,,*4 4,44 

= 4 , .  ~ , ,  + 4,,~ ~ , :  4,~ r + 4,2~ 4,~ = x , *  x, 
so that we get the non-relativistic expression (2.2). 

Let us now consider the vector Jr. For the sake of similarity, we shall only 
calculate the non-relativistic approximation of its first component, 

j r  I = --g4,* a4 bl ~- a, b4 4, 
2 

the reasoning being in all points identical for jr2 andjr3. It then follows from 
(1.3) and (1.4) that 

N= + * + * j r ,  4,t1(4,14 -~" 4,41) t/412(4,13 4,42) -{- 4t21(4,24 -1- 4,31) 

+ r + 4,/'32) + conj 

o o 

0 1 L4,24J 

o o o 
0 0 / ~ , , / + c ~  
1 0 L~,~J 
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that is, according to (1.6) and (1.11), 

2 .  
cJ,, '~ XI*(I • 0.1)X2 + Xl*(a, • 1)X3 + conj 

If  we now replace X2 and X3 by their non-relativistic expressions (1.18b) 
and (1.18c), we are led to the relations 

4mojr~ % XI*(I • 01)(I • re. o)Sl -~-XI*(0.1 x I)0x. o • I)XI + conj 

that is, by means of (1.2) and (1.11), 

4mojr, ~ 2ih(~b~'l 01 ~bll + ~ 2  01 ~t12 -~- ~ i  01 ~21 + ~//~2 01 ~22 - conj) 

4qA i(~b~1 ~bll + ~b~' 2 ~bl2 + ~b* 1 ~b21 + ~h22 ~b22) r 

- h(4~112 02~,,  + i0~(412 + ~21)] 
+ i47~ 0~(-~,1 + 422) + i~10~( -~ ,  1 + ~ )  
+ ~ 2 [ - i  0z(~1~ + ~21) - 2  02 422] + conj} 

This expression can still be written 

4 q .  , 
4rnojrl ~ (2ihXl* V1 X1 +conj)  - - c A t  XI XI 

- h(XI*[(I x (V A o)1) + ((V A 0)1 • I)] Xl + conj} 

where V A o is the 3-component matrix operator 

( ~ A  0)I = 02 0" 3 -  03 0"2, ( V A  0 )2=03  0"1 -- 010"3, 
( V  A o)3  = 01 0"2 - 02 0"1 

We then arrive at the final form of the non-relativistic approximation of the 
probability flow vector j .  

ih . , _  q , 
Jr ~= ~ 0 ( X l  VX1 - Xl VXI*) - mo C AXI X1 + u (2.6) 

where 
- h  , (I x ( v / x  0)) + ( (v  A 0) x 1) 

u = 2--~o XI 2 XI + conj (2.7) 

As it arises from the comparison of (2.3) and (2.6), the non-relativistic 
approximation of] ,  does not lead to the definition of j . ,  but rather differs 
from it in a vector u given by (2.7). Yet the agreement of both expressions 
can be reached if V. u = 0. As a matter of fact, one must realise that in wave 
mechanics what is closely related to the equations of evolution is but the 
equation of continuity (2.1), not the definitions of ] and p, which involve 
some arbitrariness. Let us suppose, for instance, that we take, instead of j, 
the vector j + v with V. v = 0. It is then manifest that in both cases we are 
led to the same equation of continuity (2.1), so that we may assert that a 
vector V with null divergence must be taken as physically meaningless in 
the definition of ]. Now, this is what actually happens with j~ _~ j, + n, for 
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it can easily be seen that V.u = 0 (we shall omit this calculation for it 
presents no difficulty). Moreover, one must emphasize the fact that the 
same anomaly occurs when dealing with the probability flow vector of the 
Dirac theory, JD =-c$*  ct~, whose non-relativistic approximation leads to 

, . i h .  , q , 

JD = ~--0m0(.Xl VXI --XlVXI *) - 2--m~ocAX, X, +up 

which differs in a vector 
-h  

uo = ~-~o XI*(V A o)Xt + conj 

from the well-known expression given in the theory of Pauli (Pereira, 1971). 
However, it can easily be verified that we have again V. up = 0. Besides, the 
comparing of u and uo again confirms the procedure of the fusion we have 
referred to, inasmuch as u can be formally obtained from uo by replacing 
the matrices V A a by 

( I  x (V A 0)) + ((V A a) x / )  
2 

while the 4-component wave function of Dirac takes the place of the 
2-component wave function of Pauli. 

In order to render more complete the study of the non-relativistic formal- 
ism of the theory, let us next calculate the approximation of the relativistic 
Lagrangian of the particle with spin maximum 1 and charge q moving in a 
field given by the electromagnetic potentials A and V, which can be 
written (Pereira, 1971) 

, ( .  ) ,,~=~/X 1 tc--m 0c) xl ~�89 01X3) -['x4* - ? -moo  X4 

~- �89 X2 "-}- 02 X3) "~ mo r X2 + �89 Xl "~- el x4) 

-~ mo cX3* X3 + �89 Xl .qt. 02 X4)} + conj 

with X. and Ok given by (1.6) and (1.12). Now at the non-relativistic 
approximation we have 

Er m 0 c ~ gn 
c c 

and 
E r E n 

- - -  - m o  c ~_ - - -  - 2 m o  c 
c c 

so that ~ becomes 
C( ,E 

~XI ~.-- 2 A2 ' ~  ~ '~  IXl -~Xl -~ 1. *f 0 " -- 0 I X3) -}- mOC(X2* X2 -}- X3* X3) 

-- ~(X2* 02 X1 JF X3* O1 X1) ~- �89 01 X4 "~- X3* 02 X4) 

- g4 c g4 - 2too c x 4 *  X 4  + �89 X2 + 02 g3) + conj 
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Since, as has been stated above, the transition to the non-relativistic 
level is provided by means of a/3-approximation, one must neglect in the 
preceding expression the last four terms in the bracket, for they are of the 
order of/~ 2 with regard to Xt. The Lagrangian then takes the form 

: * ~ m 0 c 2 
La ~ sr - x~ "~x~ + --5- (x2* x2 + x3* x3) 

~l, X l '  2 ~ 2 - r - X 1 0 l ~ 3 + X 2 * O 2 X 1  + ~ 3 * 0 t ~ l ) + c o n j  

where e and r~ are the energy and momentum operators defined in (1.2). 
Let us now make use of the method of the fusion in order to obtain the 

non-relativistic Lagrangian of the particle with spin maximum 1 and charge 
q, that is, let us perform upon the Lagrangian of Pauli the substitution 
(i. 19) and (1.20) described above, at the same time that a wave function with 
2 • 2 = 4 components takes the place of the wave function with two 
components. We thus get 

i h 2  . , ih. . -  hq 
s = ~ V X t  .VXI T~-(Xs e~Xl - Xl 0~)a*) -~ 2moc 

x x l ,  (e~ x I) + (I  x ~) ihq 
2 - -  Xl + 2mo----c 

x A.(VX~* "X1 - XI* .VXa) + (qV+ 2~oczq2 A27~ X1 :~' X* 

and one can easily make sure that the four Lagrange equations arising fi'om 
~ l  actually coincide with the equations of evolution (1.18a). Now in 
spite of the fact that the expression of~r quite differs from that of ~ ' ,  t, 
it can be shown that the twelve Langrange equations deriving from c~. are 
equivalent to those arising from ~. ,k  As a matter of fact, we get from ~T,, 

~(O~x ,) =-T(I  x ~)x2 +-T(o-~ x I)x~, ~@,x~*) =~x~ 

0 ~ .  ih 0 ihc ihc 
,~x, = -~- ,x~-qVx~---4-(/• c,).Vx2- ~-(,~ • I).Vx3 

+-~A. [(I • *)x2 + (~ • I)x31 

O~ n ihc 0 ~  
a(o~x .) = T (  zx ,~)x~, a(6x . )=o  

05r m c 2 ilic _ 
Ox~* -- o x 2 -  T(~rx ~,).Vx~ +~A.gx e,)x~ 

a(~x~*) =-4-{~  ~(a, x~*~ = 0 
0 ~ .  _ z ihc . 
OX3~- m o e X3 - - - - f  (~r x I).  VX~ + ~-A. (is x I)X~, 
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SO that  the Lagrange equations take the fo rm 

~ ( I  ihc. 
x a).VX2 + ~ -  ta x I). VXs 

= - ihO, xl - q V X l  + 2  A. [ ( I x  ~)X2 -}- (~ I )  X3] • 

ih 
X2=2~-~oc ( I •  2 Z c 2 A . ( I x ~ ) x 1  

(2.8a) 

(2.8b) 

/h 1 
X3 = ~ ( t r  x I ) .VXI  2mocEA. (a  X I )  X 1 (2.8c) 

We thus obta in  equations (1.18b) and (1.18c) and by introducing (2.8b) 
and (2.8c) in (2.8a) we are led to 

2 
4 ~ o o ( [ • 1 6 2  •  X, 

= - ih O~ Xl - qVx1 

tha t  is, 

[,, l ( i h W , q A ~ 2 q  hq (Ix~)-~(~xI).n]xa:_ih~tXl_qVx 1 
z m 0 \  c ] 2m0c 2 

which are precisely the equations (1.8a). 
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